Abstract. Let p be a prime. The goal of this paper is to classify the finite groups with exactly one conjugacy class of size a multiple of p.
Introduction
For reasons that are not fully understood, the conjugacy class sizes of a finite group G share some analogies with the character degrees of G. Sometimes these analogies lead to interesting problems. Fix a prime number p. Recently we have studied in [7] the groups with exactly one irreducible character of degree a multiple of p, trying to find extensions of the Itô -Michler theorem. Here we discover that the corresponding problem on conjugacy class sizes has a similar answer. Our aim in this note is to classify finite groups with one conjugacy class of size a multiple of p.
Theorem A. Let G be a finite group and p a prime. Then G has exactly one conjugacy class of size divisible by p if and only if one of the following holds:
(a) G is a Frobenius group with Frobenius complement of order 2 and Frobenius kernel of order divisible by p;
(b) G is a doubly transitive Frobenius group whose Frobenius complement has a nontrivial central Sylow p-subgroup;
(c) p is odd, G ¼ KH where K ¼ FðGÞ is an ultraspecial q-group, q prime, H ¼ C G ðPÞ for a Sylow p-subgroup P of G, K V H ¼ ZðKÞ and G=ZðKÞ is a doubly transitive Frobenius group of Dickson type.
In particular, if p ¼ 2, we obtain that a group has a unique conjugacy class of even size if and only if G is a doubly transitive Frobenius group whose Frobenius complement has a non-trivial central Sylow p-subgroup. The paradigmatic examples of such groups are GFðqÞ z GFðqÞ Â , where GFðqÞ is the Galois field of q elements for an odd prime power q. But there are some more, all related to the so-called near fields.
For instance, the semi-linear group Gð7 3 Þ associated to the Galois field GFð7 3 Þ has a subgroup H of order 7 3 À 1 ¼ 342 that acts transitively on the non-zero elements of V ¼ GFð7 3 Þ and such that jFðHÞj ¼ 114. The semidirect product G ¼ V z H has exactly one conjugacy class of even size.
As we will observe in Section 2, there are exactly two non-solvable groups with one conjugacy class of size a multiple of a prime p for some p, one for p ¼ 7 and the other for p ¼ 29.
We refer the reader to Section 2 for the definition of the concepts that appear in the statement of Theorem A, their basic properties and some known results we will use in the proof. We prove some lemmas that depend on the classification of finite simple groups in Section 3 and we complete the proof of Theorem A in Section 4. We remark that to prove Theorem A for p ¼ 2 one can avoid the use of the classification, since solvability follows by Lemma 4.2 and the theorem of Feit and Thompson.
Every group, in the following, is a finite group.
Preliminaries
We start by recalling the notions that appear in the statement of Theorem A. A Frobenius group is a semidirect product G ¼ K z H where H acts fixed-point freely on K, i.e. C K ðhÞ ¼ 1 for all h A H À f1g. The subgroup K / G is called the Frobenius kernel and H a Frobenius complement of G. It is known that the Sylow subgroups of H are either cyclic or generalized quaternion groups. Also, if jHj is even, then K is abelian. The Frobenius group G is doubly transitive if the Frobenius complement H acts transitively on K À f1g. In this case, jHj ¼ jKj À 1.
Doubly transitive Frobenius groups are in bijective correspondence with finite near fields. A near field is a set F with two binary operations þ and Á such that:
F ðþÞ is an abelian group with identity 0; F a ðÁÞ is a group, where F a ¼ F À f0g, and x Á 0 ¼ 0 Á x ¼ 0 for every x A F ; a one-sided (right, say) distributive law is satisfied:
Observe that a near field is a field precisely when the multiplicative group is abelian and that the additive group of a finite near field F is an elementary abelian q-group for some prime q.
It turns out that a finite group G is a doubly transitive Frobenius group if and only if G is a semidirect product of the additive group and the multiplicative group of a finite near field F .
The finite near fields were classified by Zassenhaus in the 1930s. Most of them are Dickson near fields, which arise from fields by 'twisting' the group multiplication by Galois automorphisms. Furthermore, there are just seven exceptional near fields, of orders 5 2 A check of the structure of the multiplicative group F Â of the exceptional near fields (see [10, IV (7.1) 
and H has a subgroup of index 2 isomorphic to SLð2; 3Þ;
Observe that the only non-solvable groups appearing in Theorem A are the groups described in (ii) and (iii) above. A q-group E is semi-extraspecial if for every maximal subgroup Z of ZðEÞ the factor group E=Z is extraspecial. In this case the rank rkðEÞ of E is even (see [1] ) (the rank being the smallest cardinality of a generating set) and rkðZðEÞÞ c rkðEÞ=2. When rkðZðEÞÞ ¼ rkðEÞ=2 the group E is said to be ultraspecial.
If E is semi-extraspecial, then one can prove that ZðEÞ ¼ E 0 ¼ FðEÞ (i.e. E is a special q-group) and from this it follows that ZðEÞ is elementary abelian. Finally, it is easy to see that if E is semi-extraspecial and Y < ZðEÞ, then ZðE=Y Þ ¼ ZðEÞ=Y and E=Y is semi-extraspecial, too.
In the proof of Theorem A we will use the Zsigmondy primes. Recall that a prime t is a Zsigmondy prime divisor for a n À 1, where a > 1 and n are positive integers, if t divides a n À 1 but t does not divide a j À 1 for 1 c j < n. We will use, without further explicit reference, Zsigmondy's prime theorem. (For a proof, see [4, (IX.8. 3)].) Theorem 2.1. Let a > 1 and n be positive integers. Then there exists a Zsigmondy prime divisor for a n À 1 unless a ¼ 2 and n ¼ 6 or a is a Mersenne prime and n ¼ 2.
We collect in the following lemma some well-known facts that we shall use without explicit reference. We denote by cl G ðxÞ the conjugacy class of the element x in the group G. Lemma 2.2. Let G be a group.
(i) If x; y A G have coprime orders and commute, or if x and y belong to normal subgroups with trivial intersection, then C G ðxyÞ ¼ C G ðxÞ V C G ðyÞ. In particular, if a prime p divides jcl G ðxÞj then p also divides jcl G ðxyÞj.
(ii) If j : G ! H is a surjective homomorphism and K is a conjugacy class of G, then jðKÞ is a conjugacy class of H and jjðKÞj divides jKj.
Next we recall a well-known result concerning module actions of cyclic groups.
Lemma 2.3. Let C be an abelian group of prime-power order and let M be a faithful GFðqÞ½C-module, with q a prime. Write jMj ¼ q n . Then the following are equivalent:
(ii) C is cyclic, jCj divides q n À 1 and jCj does not divide q k À 1 for every 1 c k < n.
Proof. It is shown in [3, Satz II.3.10 ] that (i) implies (ii). Conversely, assume (ii). Since ðjMj; jCjÞ ¼ 1, M is a completely reducible Cmodule. As C is cyclic of prime-power order, C has a unique minimal subgroup and that subgroup is not contained in the kernel of all actions of C on the irreducible submodules of M, because M is faithful and completely reducible. So there exists an irreducible and faithful C-submodule V of M. Write jV j ¼ q m , with 1 c m c n. Since we already know that (i) implies (ii), it follows that jCj divides q m À 1, which forces m ¼ n and hence M ¼ V is irreducible. r
The assumption that the order of C is a prime power is necessary for showing that (ii) implies (i) (in the other direction it is not). Consider, namely, a faithful action of a cyclic group of order 21 on the direct sum of vector spaces of dimension 1, 2 and 3, respectively, on GFð2Þ.
Finally, we state a lemma about cyclic actions on extraspecial groups.
Lemma 2.4. Let E be an extraspecial group, jEj ¼ q 2mþ1 , q prime, and let C be a cyclic subgroup of AutðEÞ. Assume that C acts trivially on ZðEÞ.
(i) If C acts fixed-point freely on E=ZðEÞ, then jCj divides either q m þ 1 or q m À 1.
(ii) If C acts irreducibly on E=ZðEÞ, then jCj divides q m þ 1.
Proof. Observe that if C acts fixed-point freely on E=ZðEÞ then C is a q 0 -group and (i) is part of the statement of [3, Satz V.17.13] .
If C acts irreducibly on E=ZðEÞ, then C can be identified with an irreducible cyclic subgroup of Spð2m; qÞ and the assertion follows from [3, Satz II.9 .23]. r
Simple groups
In this section we prove a couple of lemmas that depend on the classification of finite simple groups.
Lemma 3.1. Let G be an almost simple group, i.e. S c G c AutðSÞ where S is a nonabelian simple group. Let p be a prime divisor of jGj and assume that p does not divide jSj. Then there exist x; y A S such that oðxÞ 0 oð yÞ and the sizes of both cl G ðxÞ and cl G ð yÞ are divisible by p.
Proof. By the classification, S is a simple group of Lie type and any element of order p in G is conjugate in AutðSÞ to a field automorphism of S. In the proof of [8, Proposition 2.4] , it is shown that there exist two elements x; y A S of distinct prime orders that are not centralized by any non-trivial field automorphism of S. r If G is a permutation group on a set W and G J W, we denote by G G the setwise stabilizer of G in G.
Lemma 3.2. Let G be a permutation group on a finite set W, jWj d 2, and let p be a prime divisor of jGj. Then there exist two disjoint non-empty subsets G, D of W such that jG :
Proof. We argue by induction on jWj.
Assume first that G is imprimitive and let S ¼ fY 1 ; Y 2 ; . . . ; Y k g be a non-trivial system of blocks, i.e. 2 c k < jWj. Let N be the kernel of the action of G on S.
If p divides jG=Nj, then by inductive hypothesis there exist two disjoint non-empty subsets P, X of S such that jG=N : ðG=NÞ P V ðG=NÞ X j is a multiple of p. Define now
Then G and D are non-empty, disjoint subsets of W and, observing that G G N=N c ðG=NÞ P and G D N=N c ðG=NÞ X , we see that
We can assume that jG : Nj is not divisible by p.
But this gives a contradiction, because the transitivity of G implies that the intersection of the conjugates of K in G is trivial.
Thus, p divides jH=Kj and, as 2 c jYj < jWj, by induction there exist two nonempty and disjoint subset G and D of Y such that jH=K :
We are hence reduced to the case that G is a primitive permutation group on W. In [9, Theorem 2], one can find a complete list of the primitive permutation groups G c SymðWÞ with AltðWÞ G G and such that G G 0 1 for all G J W (this result uses consequences of the classification). All these exceptional groups are almost simple or of a‰ne type, and their degree, apart from a single exception of degree 32, is at most 24. For all of these groups there is a permutation representation available in the computer algebra system [2] . It is hence easily checked that the assertion holds for all of these exceptional groups, for instance by random choice of two non-empty and disjoint subsets of W.
Finally, we are left with the case G ¼ AltðWÞ or G ¼ SymðWÞ. Note that then p c jWj. In this case, any choice of disjoint subsets G and D of W with jGj ¼ p À 1 and jDj ¼ 1 will do. r Lemma 3.3. Let M be the unique minimal normal subgroup of a group G. Let p be a prime divisor of jGj and assume that p does not divide jMj. If M is non-solvable, then there exist x; y A M with oðxÞ 0 oðyÞ and such that the sizes of both cl G ðxÞ and cl G ð yÞ are divisible by p.
N G ðS i Þ be the kernel of the transitive action of G on W ¼ fS 1 ; S 2 ; . . . ; S k g. Assume first that jG=Nj is divisible by p. By Lemma 3.2, there exist two non-empty subsets G; D J W with G V D ¼ q and such that jG :
Then oðxÞ 0 oðyÞ and both C G ðxÞ and C G ðyÞ are contained in G G V G D , which means that p divides both jcl G ðxÞj and jcl G ð yÞj.
Assume now that p divides jNj.
Then SL=L F S and SL=L c K=L c AutðSL=LÞ, so K=L is an almost simple group. As jK=Lj and jNj have the same set of prime divisors, p divides jK=Lj. But p does not divide jSL=Lj as p does not divide jMj. So we can apply Lemma 3.1 and get x; y A S with oðxLÞ 0 oð yLÞ and such that p divides both jK=L : C K=L ðxLÞj and jK=L : C K=L ð yLÞj. Observe now that oðxÞ ¼ oðxLÞ and oð yÞ ¼ oð yLÞ, since S V L ¼ 1. Further, considering the action of G on W, we have that C G ðxÞ and C G ð yÞ are contained in N G ðSÞ ¼ K. This means that C G ðxÞ ¼ C K ðxÞ, C G ðyÞ ¼ C K ð yÞ and hence p divides both jcl G ðxÞj and jcl G ðyÞj. r
Proof of Theorem A
We start with three elementary lemmas. We thank M. Isaacs for an argument in the proof of the next lemma.
Lemma 4.1. Let K be a normal q-subgroup of the group G, q a prime. Let N ¼ ZðKÞ and assume that K À N is a conjugacy class of G. Assume also that jG=Kj ¼ jK=Nj À 1. Then K is a semi-extraspecial group and jcl K ðxÞj ¼ jNj for all x A K À N.
Since jG=Kj ¼ jGj q 0 , the full q 0 -part of jGj, divides jG : C G ðxÞj, we have C G ðxÞ c K and hence jG :
Now let Z be a maximal subgroup of N. If z A K is central modulo Z, then ½z; K c Z and z has at most jZj < jNj conjugates in K and it follows that z A N. Hence, ZðK=ZÞ ¼ N=Z has order q. As K À N is a conjugacy class of G, we see that all non-trivial elements of K=N are conjugate in G=N. It follows that K=N is elementary abelian and hence K=Z is an extraspecial group. Therefore, K is a semiextraspecial q-group. r Lemma 4.2. Let G be a finite group, let p be a prime, and let P A Syl p ðGÞ. Suppose that G has a unique conjugacy class of size divisible by p. Then either G has a normal pcomplement and P is abelian, or p is odd and G is a Frobenius group with Frobenius complement of order 2.
Proof. Write K ¼ cl G ðzÞ for the unique conjugacy class of G that has size divisible by p and let P A Syl p ðGÞ. Let C ¼ C G ðPÞ.
If y A G À 6 g A G C g , then p divides jG : C G ðyÞj, and therefore y A K. Hence
Assume first that N G ðCÞ < G. In this case,
and, as z B C by hypothesis, it follows that hzi complements C and acts fixed-point freely on C. It follows that jCj ¼ jKj is odd, and so is p in this case. r Lemma 4.3. Assume that a semi-extraspecial q-group U acts faithfully on an elementary abelian t-group M, where q 0 t. If C U ðmÞ c ZðUÞ for every m A M À f1g, then q ¼ 2 and U F Q 8 , the quaternion group of order 8.
Proof. By coprimality, M is a completely reducible U-module. Since the action is faithful, there exists an irreducible U-submodule V of M such that Z ¼ ZðUÞ does not act trivially on V . Write Y ¼ C U ðV Þ. Then Y < Z and the semiextraspecial group U=Y acts faithfully on V . Further, for all v A V À f1g we have C U=Y ðvÞ ¼ C U ðvÞ=Y because Y is the kernel of the action of U on V and hence C U=Y ðvÞ c Z=Y ¼ ZðU=Y Þ.
If V < M, working by induction on jMj we get that q ¼ 2 and that U=Y F Q 8 . In particular, rkðU=Y Þ ¼ 2 and hence rkðUÞ ¼ 2 and rkðZÞ ¼ 1. Thus, jZj ¼ 2 which implies Y ¼ 1 and U F Q 8 .
We can hence assume that M is an irreducible U-module. If X is a subgroup of Z ¼ ZðUÞ, by Cli¤ord's theorem M X is a homogeneous X -module and, since the action of U on M is faithful, X does not centralize any non-trivial element in M. It follows that C
Case 1. Assume first that K is abelian.
We will prove that G is one of the groups described in (b). Write H ¼ N G ðPÞ ¼ C G ðPÞ and observe that, as ðjKj; jPjÞ ¼ 1, by well-known results on coprime actions we have G ¼ KH and K ¼ ½K; P Â ðK V HÞ. Hence H is a complement of K ¼ ½K; P in G and jcl G ðxÞj is divisible by p for all non-trivial x A K. It follows that K À f1g ¼ cl G ðxÞ and hence K is a minimal normal subgroup of G and H is maximal in G. Let g 1 ; g 2 ; . . . ; g k be a transversal of H ¼ N G ðHÞ in G, where
, because no G-conjugacy class outside K has size divisible by p, and hence we have
and hence H g i V H g j ¼ 1 for all distinct i, j. Therefore, G is a Frobenius group with elementary abelian kernel K and complement H ¼ C G ðPÞ. Since H F G=K acts transitively on K À f1g, G is a doubly transitive Frobenius group, i.e. one of the groups described in (b).
Case 2. Suppose now that K is non-abelian. We will prove that G is one of the groups described in (c). Let M be a minimal normal subgroup of G contained in K. For the reader's convenience, we split the proof into several steps.
Step 1. M is solvable.
Assume that M is non-solvable and let N ¼ C G ðMÞ. If P c N, then there is an x A N with jcl N ðxÞj divisible by p, as otherwise P would be normal in G and hence ½P; G c P V K ¼ 1, a contradiction. Now, if y; z A M and
and hence
x ¼ x g and z ¼ y g . So, if oðyÞ 0 oðzÞ then xy and xz are not conjugate in G. Also, C G ðxyÞ ¼ C G ðxÞ V C G ð yÞ and C G ðxzÞ ¼ C G ðxÞ V C G ðzÞ, and hence p divides both jcl G ðxyÞj and jcl G ðxzÞj, a contradiction.
We can hence assume that p divides the order of the factor group G=N. Observe that the unique minimal normal subgroup of G=N is MN=N F M. As M c K, p does not divide jMj and hence we can apply Lemma 3.3 and get xN; yN A G=N such that oðxNÞ 0 oð yNÞ and such that p divides both jcl G=N ðxNÞj and jcl G=N ðyNÞj. Thus cl G ðxÞ and cl G ð yÞ are distinct conjugacy classes of size divisible by p, again a contradiction. Now, write G ¼ G=M and use the bar convention.
Step 2. We claim that F ¼ FðGÞ is a q-group, q a prime, and either (B) G is a doubly transitive Frobenius group with kernel F and complement C G ðPÞ; or (C) G ¼ F C G ðPÞ, with F ultraspecial q-group, q prime, and
further G=L is a doubly transitive Frobenius group of Dickson type.
We know that M is solvable and, since we are assuming that K is non-abelian, M < K. Thus K ¼ ½G; P is non-trivial and G has no central Sylow p-subgroups. Hence, in G there is at least a conjugacy class of size divisible by p. Since the conjugacy classes of G are images of conjugacy classes of G under the natural projection, we also see that G has at most one conjugacy class of size divisible by p. Working by induction on jGj, we conclude that G is one of the groups described in (a), (b) or (c) of Theorem A. If G is as in (a), then P c F and then P / G. It follows that K ¼ ½G; P c P and K c PM which implies, as K is a p 0 -group, that K ¼ M, a contradiction. Therefore, G is as in (b) or (c).
If G is as in (b), i.e. G is a doubly transitive Frobenius group, then the Frobenius kernel is F . Further, since P is non-trivial and central in a Frobenius complement of G, P does not centralize any non-trivial element of F . Hence it follows that C G ðPÞ is a Frobenius complement of G.
If G is of type (c), then (C) clearly follows.
Step 3. FðG=MÞ ¼ K=M.
In both cases G=F has a central Sylow p-subgroup, and this means that
In case (B) it is clear that K ¼ F , as F is minimal normal in G and K 0 1. In case (C), F =L is a chief factor of G because G=F is transitive on the non-trivial elements of F =L. As K is not contained in L because G=L has no central Sylow p-subgroup, then either K ¼ F or K complements L in F . But the latter is not possible, since L ¼ FðF Þ. This completes the proof of this step.
Step 4. We now prove that M is a q-group.
Assume by contradiction that jMj ¼ t a , for a prime t 0 q. Observe that by Step 
Assume first that G is as in (B). Then G has exactly one conjugacy class of qelements and this is the class of size a multiple of p. It follows that for any x A K 0 À f1g and m A M À f1g we have xm 0 mx, as otherwise the size of the class of mx would also be a multiple of p. Therefore, K 0 F F is an elementary abelian q-group that acts fixed-point freely on M and hence K 0 is cyclic of prime order q. Since T is a doubly transitive Frobenius group with Frobenius kernel K 0 and Frobenius complement T=K 0 , we see that jT=K 0 j ¼ q À 1. In particular then q d 3, as p divides jT=K 0 j. We observe that [5, Theorem 15 .16] implies that q À 1 divides a ¼ dim GFðtÞ ðMÞ. Now, as G has only one conjugacy class of size divisible by p, C T ðmÞ contains a Sylow p-subgroup of T for all m A M À f1g. But C T ðmÞ V K 0 ¼ 1 and then C T ðmÞ is isomorphic to a subgroup of T=K 0 . Hence C T ðmÞ contains exactly one Sylow p-subgroup of T, for every m A M À f1g, and it follows that fC M ðP 0 Þ À f1g j P 0 A Syl p ðTÞg is a partition of M À f1g. Since T has q ¼ jK 0 j Sylow p-subgroups we obtain the relation t a À 1 ¼ qðt b À 1Þ where t b ¼ jC M ðP 0 Þj, P 0 A Syl p ðTÞ. Note that 1 c b < a and that b divides a, because ðt a À 1; t b À 1Þ ¼ t ða; bÞ À 1. In particular, b c ða=2Þ and hence q d t a=2 þ 1 > t ðqÀ1Þ=2 . Observe now that t ¼ 2 implies q d 7, since p divides q À 1 and p 0 t because M is a subgroup of the p 0 -group K. We hence have a contradiction, because 2 ðqÀ1Þ=2 d q for all q d 7 and
by Lemma 4.3 we deduce that K 0 is isomorphic to the quaternion group of order 8. Since T=K 0 acts regularly on K 0 =L 0 , it follows that jT=K 0 j ¼ 3. As above we get that t a À 1 ¼ 4ðt b À 1Þ and 1 c b c a=2. This implies t b þ 1 c 4, which gives either
Therefore, we have proved that M is a q-group. Hence, K is a q-group and then FðGÞ ¼ K.
Step 5. M c ZðKÞ and P centralizes M.
Indeed, M V ZðKÞ is non-trivial and normal in G and hence M c ZðKÞ. Further, observe that the conjugacy class of G of size divisible by p is not contained in M and hence p does not divide jG : C G ðmÞj for all m A M. Since K c C G ðmÞ and G=K has just one Sylow p-subgroup, then C G ðmÞ contains all Sylow p-subgroups of G, for every m A M. Hence, P centralizes M.
Step 6. The group G=M is as in (B).
Assume, working by contradiction, that G=M is as in (C). Recall now that G=L is a doubly transitive Frobenius group, with kernel K=L and complement of order divisible by p. In particular, all elements in K À L have G-conjugacy classes of size a multiple of p and hence by our assumption K À L is a conjugacy class of G. Observe that L=M ¼ ZðK=MÞ is centralized by PM=M. Further, by Step 5, P centralizes M and hence, by coprimality, P centralizes L. Now let A be any characteristic abelian subgroup of K. We prove that A c L.
So, M c A and K ¼ A is abelian, again a contradiction. We conclude that every characteristic abelian subgroup of K is contained in L and hence P acts trivially on it. Note also that K ¼ ½K; P: if D is the normal p-complement of G, then K ¼ ½DP; P ¼ ½D; PP 0 ¼ ½D; P and ½K; P ¼ ½D; P; P ¼ ½D; P ¼ K. Hence, by [3, (III.13.6)] it follows that K is a special q-group, i.e. we have ZðKÞ ¼ K 0 ¼ FðKÞ and ZðKÞ is elementary abelian.
Write jK=Lj ¼ q 2m , with m a positive integer. Then rkðLÞ c m. Recall now that K=M is ultraspecial and hence the rank of ZðK=MÞ ¼ L=M is m. As L is elementary abelian, this implies that M ¼ 1, a contradiction.
We have hence proved that G=M must be as in (B), i.e. G=M is a doubly transitive Frobenius group with Frobenius complement C G=M ðPM=MÞ: By Step 5, P centralizes M and hence M ¼ C G ðPÞ V K, because P acts fixed-point freely on K=M.
Step 7. K is semi-extraspecial and M ¼ ZðKÞ ¼ K 0 . As G=M is doubly transitive, K=M is a chief factor of G. It follows that M ¼ K 0 , as 1 0 K 0 c M and M is minimal normal in G. Similarly, 1 0 M V ZðKÞ / G and then M c ZðKÞ < K implies M ¼ ZðKÞ. Finally, observe that all elements in K À M must be conjugate in G and hence K is semi-extraspecial by Lemma 4.1.
In the following let X be a complement of K in G, with P c X . Then X F XM=M is a Frobenius complement of the doubly transitive Frobenius group G=M and hence it is isomorphic to the multiplicative group of a finite near field. Also, P c ZðX Þ is an abelian Sylow subgroup of a Frobenius complement and hence P is cyclic.
Step 8. p is odd and G=M is of Dickson type.
Let C be a cyclic subgroup of C X ðMÞ and Z a maximal subgroup of M. Then C acts on the extraspecial group K=Z, centralizing ZðK=ZÞ ¼ M=Z and acting fixedpoint freely on K=M. By Lemma 2.4 (i) we have ( * ) jCj divides either q m À 1 or q m þ 1, where q 2m ¼ jK=Mj.
Recalling that P c C X ðMÞ is cyclic and that jPj is the p-part of jX j ¼ q 2m À 1, we see that p must be odd: if p ¼ 2, then q is odd and both q m À 1 and q m þ 1 are even, so jPj > maxfðq m À 1Þ 2 ; ðq m þ 1Þ 2 g against ( * ). We now show that X cannot be isomorphic to the multiplicative group of an exceptional near field. Recall that in this case jK=Mj ¼ q 2 and then K is extraspecial by Step 7.
We have three cases:
and H has a subgroup of index 2 isomorphic to SLð2; 3Þ: in this case jX =C X ðMÞj divides 2, since it divides q À 1 and is coprime to p. In particular, C X ðMÞ has an element of order 3 Á 11 > q þ 1, against ( * ).
Case (ii). p ¼ 7, q ¼ 29, X F SLð2; 5Þ Â C 7 : in this case X centralizes M, but we get a contradiction to ( * ) since X has elements of order 35 > q þ 1.
Case (iii). p ¼ 29, q ¼ 59, X F SLð2; 5Þ Â C 29 : here again X centralizes M and has an element of order 5 Á p > q þ 1.
It follows that G=M is of Dickson type. Hence X is metacyclic, and in particular G is solvable. Also, there are a divisor v of 2m and a cyclic normal subgroup U of X such that jUj ¼ ðq 2m À 1Þ=v. Any prime divisor of v divides q 2m=v À 1 and if 4 divides v then 4 divides q 2m=v À 1, too. Further, U is a maximal abelian normal subgroup of X . (See [10, IV (1.1) and (1.5) (d)]).
Step 9. K is ultraspecial.
Write jK=Mj ¼ q 2m . Let jMj ¼ q a with a c m. We have to show that a ¼ m. We may assume that m > 1.
In the case v ¼ 1, the near field is in fact a field, X =C X ðMÞ is cyclic and acts irreducibly on M. So jX =C X ðMÞj divides q a À 1 by Lemma 2.3. Also, C X ðMÞ is cyclic and by ( * ) we have jC X ðMÞj c q m þ 1. It follows that
and this forces a ¼ m.
We can now assume that v > 1. If q 2m À 1 has no Zsigmondy prime divisor, recalling that m > 1 we conclude that q ¼ 2 and 2m ¼ 6. But then jX j ¼ 2 6 À 1 ¼ 3 2 Á 7 and p ¼ 3 or p ¼ 7. But P c ZðX Þ and this implies that X is abelian, contradicting v > 1.
Hence we can assume that q 2m À 1 has Zsigmondy prime divisors. We prove ( ** ) jU=C U ðMÞj is a multiple of ðq m À 1Þ=v. Assume now that there exists a Zsigmondy prime divisor t of q m À 1. Note that m is the order of q modulo t and hence, in particular, m divides t À 1.
If t j v, recalling that v j 2m and that m divides t À 1, we have t j 2m j 2ðt À 1Þ and then t j 2, a contradiction. Hence, t does not divide v.
It follows that t divides ðq m À 1Þ=v and hence by ( ** ) divides jU=C U ðMÞj. Hence t divides jAutðMÞj and this implies that a ¼ m.
We have hence proved that G is one of the groups in (c) of Theorem A. Now assume, conversely, that G is one of the groups described in (a), (b), (c) of Theorem A.
If G is a Frobenius group with complement of order 2, then the Frobenius kernel K is abelian and G À K is the unique conjugacy class of G whose size is divisible by any prime divisor p of jKj.
Let G be a doubly transitive Frobenius group with complement H ¼ C G ðPÞ, where P is a Sylow p-subgroup of G. The elements whose conjugacy classes have size divisible by p are precisely the non-trivial elements of the Frobenius kernel and they form a conjugacy class in G, because H acts transitively on them.
Finally, let G be one of the groups in point (c), with K ¼ FðGÞ semi-extraspecial and M ¼ ZðKÞ ¼ K 0 . Observe that for every x A K À M we have ½x; K ¼ M, as ZðK=ZÞ ¼ M=Z for each proper subgroup Z of M. It follows that xM is the conjugacy class of x in K. Since G=K acts regularly on the non-trivial elements of K=M, it follows that K À M is a G-conjugacy class. Further, G=M ¼ ðK=MÞðH=MÞ is a doubly transitive Frobenius group, where H ¼ C G ðPÞ, P A Syl p ðGÞ. Observe that, in particular, P 0 1. The Frobenius kernel of G=M is the unique minimal normal subgroup of G=M and hence coincides with K=M. So, G=M À K=M is the union of conjugates of H=M. As M c H ¼ C G ðPÞ, we conclude that K À M is precisely the set of all elements of G with conjugacy class size divisible by p. r
Examples
In this section we address the question whether the groups described in Theorem A do actually exist.
The construction of the groups in (a) is straightforward: one just takes the semidirect product of any abelian group A of odd order with the inversion automorphism. In this case p can be any prime divisor of jAj.
For the discussion of the groups of type (b) and (c), we need some more details concerning the structure of the Dickson near fields.
A finite near field Eðþ; Þ is a Dickson near field if and only if there exists a third binary operation Á defined on E such that Eðþ; ÁÞ is a field and there exists a group homomorphism r : E Now let U ¼ KerðrÞ. Observe that jUj ¼ ðr m À 1Þ=m and that and Á are the same operation on U and hence U is cyclic.
In the following, we write for short X ¼ E a ðÞ. It is known that the center of the near field Eðþ; Þ is L ¼ FixðGÞ. Hence, in particular, jZðX Þj ¼ r À 1. Therefore, ZðX Þ contains a non-trivial Sylow p-subgroup P of X if and only if p divides r À 1 and p does not divide ðr m À 1Þ=ðr À 1Þ. Thus, P c ZðX Þ if and only if p divides r À 1 and p does not divide m.
It follows that the groups in (b) are precisely the semidirect products EðþÞ z X where Eðþ; Þ is either one of the three exceptional near fields mentioned in (i), (ii) and (iii) in Section 2, or a Dickson near field of type fr; mg where p is a prime divisor of r À 1 such that p does not divide m.
We now come to groups of type (c), i.e. groups G ¼ K z X where K is an ultraspecial q-group, G=ZðKÞ is a group of type (b) and there is a non-trivial P A Syl p ðX Þ with p 0 2, such that P c ZðX Þ and P centralizes ZðKÞ. Write jK=ZðKÞj ¼ q 2n . Since X is the multiplicative group of a Dickson near field of some type fr; mg, by the previous discussion P c ZðX Þ implies that p divides r À 1 and that p does not divide m. Since r m ¼ jK=ZðKÞj ¼ q 2n , it follows that m j 2n and that r ¼ q 2n=m . Further, arguing as in the proof of Step 9, one can see that P c C X ðZðKÞÞ implies that p divides q n þ 1. Hence, p divides ðq 2n=m À 1; q n þ 1Þ. If m is even, then 2n=m divides n and hence q 2n=m À 1 divides q n À 1, which gives that ðq 2n=m À 1; q n þ 1Þ divides ðq n À 1; q n þ 1Þ, against p 0 2. Thus m must be odd. We collect together the arithmetical conditions concerning the relevant invariants of a group of type (c):
(c1) m is odd, m j n and fq 2n=m ; mg is a Dickson pair; (c2) p 0 2, ðp; mÞ ¼ 1 and p divides ðq 2n=m À 1; q n þ 1Þ.
We now show that these groups do actually exist. Let p, q be primes and n, m be positive integers that satisfy (c1) and (c2). To build the ultraspecial group K and a suitable subgroup X of AutðKÞ, we use a variation of a construction due to M. Isaacs.
Let E ¼ Eðþ; ÁÞ ¼ GFðq 2n Þ and let s A GalðE j GFðqÞÞ be the Galois automorphism of order 2. Let F ¼ FixðsÞ; jF j ¼ q n . Choose any element g A E such that g s ¼ Àg and define hx; yi ¼ gðx Á y s À y Á x s Þ for x; y A E. Consider K ¼ fðx; zÞ j x A E; z A F g and define, for ðx; zÞ; ð y; wÞ A K, ðx; zÞ Ã ðy; wÞ ¼ ðx þ y; z þ w þ hx; yiÞ:
Then KðÃÞ turns out to be an ultraspecial q-group, with jK=ZðKÞj ¼ q 2n and ZðKÞ ¼ fð0; zÞ j z A F g. Now let be a binary operation on E such that Eðþ; Þ is a Dickson near field of type fq 2n=m ; mg and let r be the relevant homomorphism from X ¼ E a ðÞ to GalðE j GFðqÞÞ. Recall that a b ¼ a rðbÞ Á b for a; b A X (also, 0 a ¼ a 0 ¼ 0 for all a A E) and that ZðX Þ ¼ L À f0g, where L ¼ FixðImðrÞÞ.
We define, for ðx; zÞ A K and a A X , ðx; zÞ a ¼ ðx rðaÞ Á a; y rðaÞ Á a Á a s Þ:
It is not hard to verify that this defines an embedding of X in AutðKÞ, provided that hx; yi a ¼ hx a ; y a i for all a A G and x; y A E, which is equivalent to g A ZðX Þ. To show that there exists a g A ZðX Þ such that g s ¼ Àg, we consider the endomorphism j of C ¼ E a ðÁÞ defined by jðxÞ ¼ x À1 Á x s (where x À1 is the inverse of x in C). We want to show that there exists g A ZðX Þ such that jðgÞ ¼ À1. If q ¼ 2, g ¼ 1 will do. Assuming that q is odd, it is enough to show that jZ : Z V KerðjÞj is even, where Z ¼ ZðX Þ. Since and Á induce the same operation on Z, Z and KerðjÞ are subgroups of the cyclic group C and this implies that jZ V KerðjÞj ¼ ðjZj; jKerðjÞjÞ ¼ ðq 2n=m À 1; q n À 1Þ. Thus, in particular we see that the 2-part of jZ V KerðjÞj divides the 2-part of q n À 1. As m is odd, the 2-part of jZj ¼ q 2n=m À 1 coincides with the 2-part of q n À 1 and hence jZ : Z V KerðjÞj is even.
Let G ¼ K z X be the semidirect product with respect to the action defined above. Let P be a Sylow p-subgroup of X . By (c1) and (c2), we see that P is non-trivial and that P c ZðX Þ. Observe also that P c U ¼ KerðrÞ, because p does not divide m ¼ jX : Uj. Further, as 2 0 p divides q n þ 1 and jPj is the p-part of q 2n À 1, we see that jPj divides q n þ 1. Since N ¼ fa A E a j a Á a s ¼ 1g and P are both subgroups of the cyclic group E a ðÁÞ and jNj ¼ q n þ 1, it follows that P c N. From the definition of the action, we see that P c U V N implies that P centralizes ZðKÞ.
Finally, observe that G=ZðKÞ is isomorphic to EðþÞ z X , the semidirect product with respect to the action given by right multiplication, and hence it is a doubly transitive Frobenius group of Dickson type. Also, C G ðPÞ ¼ ZðKÞP and then G is of type (c).
In conclusion, we have shown that there exists a group of type (c) if and only if the numbers p, q, n, m satisfy the conditions (c1) and (c2). We remark finally that the set of quadruples ðp; q; n; mÞ satisfying the conditions (c1) and (c2) is non-empty: for instance,
